Introduction Part A
In [Y1] , [Y2] , [Y3] and [Y4] , logarithmic Sobolev inequalties along the Ricc flow were obtained. As a consequence, W 1,p Sobolev inequalities with p = 2 along the Ricci flow were derived. Let M be a closed manifold of dimension n ≥ 2. Let g = g(t) be a smooth solution of the Ricci flow on M × [0, T ) for some (finite or infinite) T > 0. In the case λ 0 (g 0 ) ≥ 0, where λ 0 (g 0 ) denotes the first eigenvalue of the operator −∆ + R 4 of the initial metric g 0 = g(0), the Sobolev inequality takes the following form (in the case n ≥ 3)
where the constant A depends on the initial metric in terms of rudimentary geometric data. If the condition λ 0 (g 0 ) ≥ 0 is not assumed, then the Sobolev inequality takes the form (again in the case n ≥ 3) 2) where the constants A and B depend on a finite upper bound for T and the initial metric in terms of rudimentary geometric data.
As is well-known, the case p = 2 of the W 1,p (M) Sobolev inequalities is the most important for applications to analysis and geometry. However, it is of high interest to understand the situation 1 < p < 2 and 2 < p < n, both from the point of view of a deeper understanding of the theory and the point of view of further applications. In this paper, we derive W 1,p and W 2,p Sobolev inequalities for general p along the Ricci flow in several different ways. We'll take a general point of view, and study the general problem of deriving further Sobolev inequalities from a given Sobolev inequality. In particular, we'll include noncompact manifolds and manifolds with boundary, which require additional care. Our first result is the following one. where the constants C 1 = C 1 (n, p 0 , p, A, B) and C 2 = C 2 (n, p 0 , p, A, B) depend only on n, p 0 , p, A and B. Their dependence on p is in terms of an upper bound for 1 n−p .
(If vol g (M) = ∞, then it is understood that everything involving B is nonpresent.)
This theorem is proved by an induction scheme based on the Hölder inequality. The principle that Sobolev inequalties of lower p lead to Sobolev inequalities of higher p is known. For example, it is well-known that the Sobolev inequality
, 1 < p < n, can be derived from the case p = 1, see e.g. [GT] . However, the result in Theorem A1 is new, and the proof is more involved. Combining this theorem with the results in [Y1] , [Y2] and [Y3] we then obtain W 1,p Sobolev inequalitites along the Ricci flow for p > 2 in various sitautions. To keep this paper streamlined, we only state the results in the situation of [Y1] . The results in the situations of [Y2] and [Y3] are similar and obvious. 
where all geometric quantities are associated with g(t), except the constant A, which can be bounded from above in terms of the dimension n, a nonpositive lower bound for R g 0 , a positive lower bound for vol g 0 (M), an upper bound for C S (M, g 0 ), an upper bound for T , and an upper bound for
n is at time t and the number m(p) is the same as in Theorem A2.
Theorem A4 Let n = 3 and g = g(t) be a Ricci flow with surgeries as constructed in [P2] on its maximal time interval [0, T max ), with suitably chosen surgery parameters. Let g 0 = g(0). Let m(t) denote the number of surgeries which are performed up to the time t ∈ (0, T max ). Let 2 < p < 3. Then there holds at each 
.
The remaining results for the Ricci flow in this paper extend to the Ricci flow with surgeries in the same fashion as this last theorem. We omit the statements of these extensions.
Part B
First we present a result on nonlocal Sobolev inequalities which is analogous to [Y1, Theorem C.5] , but is formulated in terms the canonical (1, p)-Bessel norm for Sobolev functions.
Definition Let (M, g) be a metrically complete Riemannian manifold, with or without boundary. Let 1 < p < ∞. Let the Bessel-Sobolev space L 
for all u ∈ C ∞ c (M) and some positive constants c 1 and c 2 , where
The operators (−∆ + 1) α are called Bessel potentials, which is the reason for the above terminologies involving "Bessel". Note that every metrically complete (M, g) is 2-Bessel because of the identity
for u ∈ C ∞ c (M) (and then also for u ∈ W 1,2 (M)). By the arguments in [Y1, Appendix C] (see also [St] 
Theorem B1 Let (M, g) be a metrically complete manifold with or without boundary of dimension n ≥ 2. Let 1 < µ < ∞. Assume the Sobolev inequality
for all u ∈ W 1,2 (M). Let 1 < p < µ. Then there holds 
Combining this theorem with the results in [Y1] , [Y2] and [Y3] we obtain nonlocal Sobolev inequalitities along the Ricci flow which are analogous to Theorem C.6 and Theorem C.7 in [Y1] , but are formulated in terms of the canonical (1, p)-Bessel norm. Again we only state the results in the situation of [Y1] . As before, let g = g(t) be a smooth solution of the Ricci flow on M × [0, T ) for a closed manifold M of dimension n ≥ 3 and some 0 < T ≤ ∞.
There is a positive constant C depending only on the dimension n, a positive lower bound for λ 0 (g 0 ), a positive lower bound for vol g 0 (M), an upper bound for C S (M, g 0 ), an upper bound for
, and an upper bound for
(1.14)
Theorem B3 Assume T < ∞ and 1 < p < n. There is a positive constant C depending only on the dimension n, a nonpositive lower bound for R g 0 , a positive lower bound for vol g 0 (M), an upper bound for C S (M, g 0 ), an upper bound for T , an upper bound for
The inequality (1.12) in Theorem B-1 is a special case of the following more general result.
Theorem B4 Let (M, g) be a metrically complete manifold, possibly with boundary. Let Ψ ∈ L ∞ (M) and µ > 1. Assume that Ψ ≥ 0 and the Sobolev inequality . Consequently, there holds for each
Part C
Next we have the following consequence of Theorem B4.
. Then there holds Combinging this theorem with the results in [Y1] , [Y2] and [Y3] we then obtain W 2,p Sobolev inequalities along the Ricci flow. Again, we only state the results in the situation of [Y1] . Let g = g(t) be a smooth solution of the Ricci flow on M × [0, T ) for a closed manifold of dimension n ≥ 3 and some 0 < T ≤ ∞, with a given initial metric g 0 .
. There is a positive constant C depending only on the dimension n, a positive lower bound for λ 0 (g 0 ), a positive lower bound for vol g 0 (M), an upper bound for C S (M, g 0 ), an upper bound for
, such that for each t ∈ [0, T ) there holds
Theorem C3 Assume T < ∞ and 1 < p < n. There is a positive constant C depending only on the dimension n, a nonpositive lower bound for R g 0 , a positive lower bound for vol g 0 (M), an upper bound for C S (M, g 0 ), an upper bound for T , an upper bound for
Part D
Now we address the issue of converting the nonlocal W 1,p Sobolev inequalitites in Part B into conventional W 1,p Sobolev inequalities. Let H denote the operator −∆ + Ψ. Obviously, the desired convertion requires an estimate of the following kind
Since H is a pseudo-differential operator of order 1 [Se] , the inequality (1.23) holds true for some C, as mentioned before for the special case Ψ = 1. But the constant C obtained this way depends on M and the metric g in rather complicated ways. Our purpose is to obtain a constant C which has clear and rudimentary geometric dependences. For this purpose, the general theory of pseudo-differential operators does not seem to give any information.
The issue at hand can be understood in terms of the Riesz trasform of H, which is defined to be
for all u ∈ L p (M) means the same as
On the other hand, by duality, the inequality (1.25) implies (1.23) for the dual exponent under suitable conditions on Ψ. (In the special case Ψ = 0, it leads to H 1 2 u q ≤ c ∇u q for the dual exponent q.) In general, the Riesz transform R L of a nonnegative symmetric elliptic operator L (of second order) is defined in the same way as R H . A fundamental problem in harmonic analysis and potential theory is to obtain L p boundedness for Riesz tranforms
p -boundedness alone is not enough. It is crucial to obtain geometric estimates for the constants.
Based on the L p estimates for Riesz transforms due to D. Bakry [B] we can convert the nonlocal W 1,p Sobolev inequalities in Theorem B1 to conventional W 1,p Sobolev inequalities which depend on a lower bound for the Ricci curvature. The situation of Theorem B4 with a general Ψ is more complicated, our corresponding result will be presented elsewhere.
Theorem D1 Let (M, g) be a complete manifold (without boundary) of dimension n ≥ 2. Let 1 < µ < ∞. Assume the Sobolev inequality
Assume Ric ≥ −a 2 g with a ≥ 0. Let 1 < p < µ. Then there holds 
One should compare the above results and the results in Part E with Gallot's estimates of the isoperimetric constant [G1][G2] which imply estimates for the Sobolev inequalities. In contrast to Gallot's estimates, no upper bound for the diameter nor positive lower bound for the volume of g(t) is assumed.
Part E
Based on the L p estimates of Riesz transforms due to X. D. Li [L] we obtain a variant of the results in Part F in the case 1 < p < 2. The nonpositive lower bound for the Ricci curvature is replaced by the L n 2 +ǫ bound for the (adjusted) negative part of the Ricci curvature, where ǫ > 0. For a Riemannian manifold (M, g) we set 
Theorem E1 Let (M, g) be a complete manifold (without boundary) of dimension n ≥ 3. Assume the Sobolev inequality
holds true for all u ∈ W 1,p 0 (M) with some A > 0 and B > 0. Then we have
and the notation of the volume is omitted.
Proof. By scaling invariance we can assume vol g (M) = 1. Consider u ∈ C ∞ c (M) and set v = |u| r for r > 1. Then we have
For a given p 0 < p < n we choose r = r p and hence r p − 1 =
. Then we infer by Hölder's inequality
. Since vol g (M) = 1 we have by Hölder's inequality
which leads to
By approximation, this holds for all u ∈ W 1,p (M).
Remark We can also consider the following assumption
for a function f . It is easy to adapt the above proof to obtain Sobolev inequalitities for higher p in terms of an L q bound of f for a suitable q. This can be applied to the Ricci flow to yield Sobolev inequalitites in terms of an L q bound of the scalar curvature.
Moreover, the sequence p k is increasing and converges to n.
Proof. The inequality p k+1 < n is equivalent to (n − p k ) 2 > 0, while the inequality
Hence 1 ≤ p k < n follows from the induction. Since p k < n, we have (n − p k ) 2 + np k < n 2 , and hence p k+1 > p k . Let p * denote the limit of p k . Then p * = n 2 p * (n−p * ) 2 +np * . It follows that p * = n.
Proof of Theorem A1 Applying Theorem 2.1 repeatedly, starting with p 0 = 2. By induction and Lemma 2.2 we then arrive at the desired Sobolev inequalities.
Proof of Theorem A2 We first observe the following property of the inequality (1.4): if A = αA 1 and B = αB 1 for some α ≥ 1, then we have
where m(p) = 2 k+1 for p ∈ (p k , p k+1 ] (see Lemma 2.2 for p k ). This follows from the formula (2.2). By [Theorem D, Y1] , the Sobolev inequality (1.1) holds true, where A has the dependence as stated in Theorem A2, without reference to p. We then have
Applying Theorem A1 and the above observation we then arrive at the desired Sobolev inequalities.
Theorem A3 and Theorem A4 can be proved in the same way.
Nonlocal Sobolev inequalities in terms of the (1, p)-Bessel norm
First we extend the general results in [Y1] on the heat semigroup and the nonlocal Sobolev inequalitities to general metrically complete manifolds with or without boundary. Consider a Riemannian manifold (M, g) of dimension n ≥ 2, and a function Ψ ∈ L ∞ (M). We set as in [Y1] H = −∆ + Ψ and Q(u) = M (|∇u| 2 + Ψu 2 )dvol.
Theorem 3.1 Let (M, g) be metrically complete manifold possibly with boundary. Let 0 < σ * ≤ ∞. Assume that for each 0 < σ < σ * the logarithmic Sobolev inequality
holds true for all u ∈ W 1,2 (M) with u 2 = 1, where β is a non-increasing continuous function. Assume that
is finite for all 0 < t < σ * . Then there holds
There also holds
Theorem 3.2 Let (M, g) be a metrically complete manifold, possibly with boundary. 1) Let µ > 1. Assume that Ψ ≥ 0 and for some c > 0 the inequality
holds true for each t > 0 and all u ∈ L 2 (M). Let 1 < p < µ. Then there holds . Consequently, there holds
for all u ∈ W 1,2 (M). Moreover, there holds for a given 1 < p < ∞
Assume that for some c > 0 the inequality
holds true for each 0 < t < 1 and all u ∈ L 2 (M).
, where the positive constant C(µ, c, p) has the same property as the C(µ, c, p) above. Consequently, there holds
To establish these two results, we need the following two ingredients: the construction of the heat semigroup e −tH and the L p contraction properties of e −tH for all 1 < p < ∞. In [Y1] , since the manifold is assumed to be closed, the heat semigroup is constructed by using the spectral representation in terms of the eigenfunctions. This works equally well on a compact manifold with boundary, where the eigenfunctions satisfy the Neumann boundary condition. For a general metrically complete manifold, we follow the construction in [St] based on the general theory of spectral representation of self-adjoint operators. The case of H = −∆ on a complete manifold without boundary is treated in [St] , but the arguments extend quite easily to general metrically complete manifolds and
∂u ∂ν = 0}, where ν denotes the inward unit normal of ∂M, which is dense in ln A − 1. Applying Theorem 3.2 we then arrive at the desired inequality (1.17).
Proof of Theorem B1 The Sobolev inequality (1.11) leads to
Hence we can apply Theorem B4.
Lemma 3.6 Letḡ = λ 2 g for some λ ≥ 1. Let µ > 1 and 1 ≤ p < µ. Assume the inequality
for all u ∈ W 1,p (M) with respect toḡ. Then there holds
for all u ∈ W 1,p (M) with respect to g.
Proof.
We compute the scaling change of (−∆ + 1) 1 2 . We have ∆ḡ = λ −2 ∆. Hence
By [B, Lemma 4 .2], we have for u ∈ L p (M) and a ≥ 0
where c 1 and c 2 are universal constants. It follows that We arrive at 
Sobolev inequalities
The following theorem is a consequence of D. Bakry's result on L p estimates for the Riesz transform [B] . for all u ∈ W 1,p (M), where the constant C(p) depends only on p.
Proof. In [B] the operator −∆ + ∇φ · ∇ for a given function φ is handled. It is easy to see that all the arguments in [B] go through for the operator −∆ + 1. Hence [B, Theorem 4 .1] extends to yield for 1 < q < ∞ ∇v q ≤ C q ( (−∆ + 1) . By (5.2, (5.3) (applied to p) and (5.6) we conclude that (M, g) is (1, p)-Bessel and that (5.6) holds true for all u ∈ W 1,p (M). To derive the inequality (5.13), we consider the metricḡ = λ 2 g, where λ = 1 + a. Since the Ricci curvature ofḡ is bounded from below by − which gives rise to (5.13).
The next result is a consequence of the L p estimates for the Riesz transform due to X. D. Li [L] .
Theorem 5.2 Let (M, g) be a complete Riemannian manifold (without boundary) of dimension n ≥ 2. Assume that there is a constant c 1 such that e t(∆−1) u ∞ ≤ c 1 t
